We investigate the bifurcation phenomena in a Belousov-Zhabotinsky reaction model by applying Hopf bifurcation theory in frequency domain and harmonic balance method. The high accurate predictions, i.e. fourth-order harmonic balance approximation, on frequencies, amplitudes, and approximation expressions for periodic solutions emerging from Hopf bifurcation are provided. We also detect the stability and location of these periodic solutions. Numerical simulations not only confirm the theoretical analysis results but also illustrate some complex oscillations such as a cascade of period-doubling bifurcation, quasi-periodic solution, and perioddoubling route to chaos. All these results improve the understanding of the dynamics of the model.
Introduction
Belousov-Zhabotinsky (BZ) reaction is a family of chemical oscillation reaction, which is the oxidation and bromination of an organic compound . It is well known for its rich and complex oscillations. A great deal of experimental and numerical simulation studies suggest that BZ reaction can exhibit various types of oscillations and complex dynamics, such as heterogeneous oscillation [Kuhnert, 1986] , spiral waves [Keener & Tyson, 1986] , period-doubling cascade ], deterministic chaos [Zhang et al., 1993] , chemical turbulence [Zhou & Yang, 2000] , hyperchaos [Li et al., 2002a] , mesoscopic dynamical behavior [Li & Zhu, 2004] , breathing front dynamics [Marts et al., 2004] , coexistence of two bifurcation regimes [Wang et al., 2005] , perioddoubling and chaotic oscillations [Zong et al., 2007] , chaotic bursters [Bi, 2010] . In addition, Dolzmann et al. [2007] reported complex optical behavior in a nonstationary ferroin catalyzed BZ reaction. Guo et al. [2014] studied the dynamical behavior in the spatial-temporal domain for a BZ reaction by using a spatial-temporal domain identification and frequency domain analysis approach.
A large number of mathematical models have been developed to describe the BZ reaction in detail. The models proposed by Field [1991, 1992] have attracted a great deal of attention from researchers in different fields [Li et al., 2002b; Zong et al., 2007; Freire et al., 2009; Li & Chang, 2012; Li, 2012] . In 1991, proposed a 11-variable BZ reaction model in a well-mixed, continuous-flow, stirred tank reactor (CSTR). Although this model can reproduce the behaviors experimentally observed at low CSTR flow rates, it is difficult to analyze the dynamical structure of the system. Then, the authors simplified the 11-variable model to a 7-variable model, and the 7-variable model was further reduced to two 4-variable models and one 3-variable model. Complex oscillations and chaotic dynamics in the 4-variable models are consistent with those experimentally observed at both high and low CSTR flow rates. Some studies of dynamical behaviors in one of 4-variable models, model D EQ , have been reported. numerically showed complex oscillations in this model including periodic window, a cascade of period-doubling and chaos at low flow rates, complex limit cycles and chaos at high flow rates. Li et al. [2002b] studied chaos synchronization at low flow rate. Zong et al. [2007] experimentally and numerically investigated dynamical behaviors at high flow rate, and they found some complex oscillations such as mixed-mode oscillation at low flow rate, periodic-doubling oscillation and chaos at high flow rate. Li and Chang [2012] theoretically analyzed Hopf bifurcation in time domain at both low and high flow rates. By applying Hopf bifurcation theory in frequency domain and second-order harmonic balance method, Li [2012] provided the estimates of frequencies and amplitudes, the explicit approximation expressions for the periodic oscillations emerging from Hopf bifurcation.
In this work, we further study the bifurcations in this 4-variable BZ reaction model D EQ . By using Hopf bifurcation theorem in frequency domain [Mees & Chua, 1979; Moiola & Chen, 1996] , we theoretically analyze Hopf bifurcation of the model. We provide higher accurate predictions on frequencies, amplitudes, and explicit formulas of periodic solutions arising from Hopf bifurcation by applying fourth-order harmonic balance method [Mees, 1981; Moiola et al., 1991; Moiola & Chen, 1993 , 1996 . The stability and location of these periodic solutions are also detected. In addition, we investigate the bifurcations of periodic orbit emerging from Hopf bifurcation. Furthermore, our numerical simulations show some new system behaviors including torus bifurcation at both low and high flow rates, period-doubling bifurcation, a cascade of period-doubling bifurcation and perioddoubling route to chaos at high flow rate. All these results help to understand the dynamics of the BZ reaction.
The rest of article is organized as follows: In Sec. 2, we analyze the existence of Hopf bifurcation in frequency domain. In Sec. 3, the frequencies, amplitudes of periodic solutions generated from Hopf bifurcation and their explicit expressions are presented by fourth-order harmonic balance method. We also detect the stability and location of these periodic solutions. Numerical simulations are shown in Sec. 4 to verify the theoretical analysis results and display the complex dynamics. Section 5 contains the conclusions.
where
[ · ] denotes the concentration of the component.
[ · ] mf refers to the mixed-feed concentration of the component, which is assumed to be zero for state variables (j = 4, 5, 8, 10, 11) are constants, and their meanings can be found in .
In this work, we further investigate bifurcations in BZ reaction model (1). The flow rate k f is taken as bifurcation parameter, and other parameter values are chosen to be:
According to [Wiggins, 1990] , simple qualitative analysis gives the following conclusion:
Conclusion 1
• For 2.0 × 10 −4 < k f < 6.05172 × 10 −4 and 1.54738 × 10 −3 < k f < 3.0 × 10 −2 , system (1) has a stable node;
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• For 6.05172 × 10 −4 < k f < 1.54738 × 10 −3 , system (1) has an unstable node; • For k 1 f = 6.05172 × 10 −4 and k 2 f = 1.54738 × 10 −3 , system (1) has two nonhyperbolic equilibrium points with a single pair of pure imaginary eigenvalues.
Hopf bifurcation for equilibrium point in frequency domain
In order to apply Hopf bifurcation theorem in frequency domain [Mees & Chua, 1979; Moiola & Chen, 1996] , model (1) is rewritten in the following form:ẋ
together with a second output equation
where 
and a memoryless nonlinear part
It can be shown that systems (2) and (3) are equivalent to the feedback systems (4) and (5), where s is the Laplace variable, and the solutionê of G(0; k)g(e) + e = 0, i.e. the equilibrium pointê for systems (4) and (5), is equivalent to the equilibrium pointx in Eq. (2) [Mees & Chua, 1979 ]. Now we want to calculate the solutionê of the equation G(0; k)g(e) + e = 0 and investigate Hopf bifurcation in frequency domain at the equilibrium pointê for systems (4) 
According to Hopf bifurcation theory in frequency domain [Mees & Chua, 1979; Moiola & Chen, 1996] , Hopf bifurcation can occur at an equilibrium pointê for k = k 0 provided that two conditions are satisfied: (1) F (λ, s, k) = 0 has a single rootλ(iω 0 ) = −1 + 0i when k = k 0 , s = iω 0 , where iω 0 is the pure imaginary eigenvalue of equilibrium pointx, equivalent toê, of model (2) 
Calculations show that systems (4) and (5) 
Therefore, we have the following result:
Conclusion 2. For feedback systems (4) and (5), two Hopf bifurcations HB 1 and HB 2 can occur at two equilibrium pointsê 1 for k 01 = 6.05172 × 10 −4 andê 2 for k 02 = 1.54738 × 10 −3 , respectively.
The Approximate Analysis and
Stability of Periodic Orbits
Computations of frequency, amplitude and approximate analytical expression for periodic solution
In this section, by fourth-order harmonic balance method we wish to obtain a high accurate approximation of the periodic solution generated from Hopf bifurcation at equilibrium pointê. The fourth-order harmonic balance explicit formula [Mees, 1981; Moiola et al., 1991; Moiola & Chen, 1993 , 1996 is given by
4 .ω andθ denote the frequency and amplitude of periodic solution e(t), respectively, both of which are the solutions of the following equation:
The explicit expressions of V ij , Z 1 (ω) and Z 2 (ω) can be found in [Mees, 1981; Moiola et al., 1991; Moiola & Chen, 1993 , 1996 . In order to computeω andθ for Eq. (8), we separate the real and imaginary parts of Eq. (8) as follows:
Suppose Z 2 (ω) = 0. By eliminating θ 4 from (9), we obtain
We consider two cases.
In this case, (10) can be rewritten as
Substituting (11) into the Eq. (9) yields
for Re[Z 2 (ω)] = 0, and
for Im[Z 2 (ω)] = 0. In order to find the rootsω of Eq. (12) or Eq. (13), we firstly choose a k in the left small neighborhood of Hopf bifurcation parameter k 0 , and substitute k into Eq. (12) or Eq. (13) to obtain numerical values ofω sufficiently close to ω 0 . Then by substitutingω into (11), the value ofθ 2 will be computed. If the value ofθ 2 is positive, the periodic solution emerging from Hopf bifurcation appears for k < k 0 . If the value ofθ 2 is negative, then the bifurcated periodic solution appears not for k < k 0 but for k > k 0 . We need to choose a k in the right small neighborhood of Hopf bifurcation parameter k 0 and compute (ω,θ).
Similarly, we numerically compute the values ofω sufficiently close to ω 0 from (14), and substituteω into (9) to obtainθ 2 .
Following the procedure described above, we get the following results: 
Detection of stability for periodic orbits
In [Jing et al., 2002] , it was shown that the periodic orbit bifurcated from Hopf bifurcation is stable if one of Conditions (I) and (II) is satisfied: Condition (I). The argument ofλ(iω), arg(λ(iω)), decreases as ω increases in the neighborhood of (ω,θ), and arg(
The argument ofλ(iω), arg(λ(iω)), increases as ω increases in the neighborhood of (ω,θ), and arg(
is the frequency and amplitude of the periodic solution.
dλ(iω) dω
is the tangent vector ofλ(iω) along the increasing direction of ω, and
denotes the tangent vector of L 2 along the increasing direction of θ 2 .
Note that where bothω 1 andω 2 are in the small neighborhood ofω and sufficiently close to each other, thus we can determine the stability of periodic orbit by calculatingλ
and −Z 1 (ω) − 2θ 2 Z 2 (ω). For the periodic orbit with frequencyω = 8.1068731623462 × 10 −2 at k = 6.1045 × 10 −4 , we chooseω 1 = 8.1068731623462 × 10 −2 and ω 2 = 8.10687317 × 10 −2 , and have arg(λ(iω 1 )) − arg(λ(iω 2 )) = 3.48684636719554 × 10 −10 > 0,
Therefore, the periodic orbit bifurcated from HB 1 at k = 6.1045 × 10 −4 is stable.
Similarly, for the periodic orbit with frequencŷ ω = 6.1371869 × 10 −2 , by choosinĝ ω 1 = 6.1371869 × 10 −2 and ω 2 = 6.1371870 × 10 −2 , we compute
Hence, the periodic orbit bifurcated from HB 2 at k = 1.547 × 10 −3 is stable.
Numerical Simulations
In this section, we present numerical simulations to show bifurcations of periodic solutions, which emerge from Hopf bifurcation, and complex oscillations.
For convenience, we use the abbreviations: HB (Hopf bifurcation); PDB (period-doubling bifurcation); TR (torus bifurcation).
The bifurcation diagram of k f versus MAX × [Ce(IV)] is given in Fig. 2 by using AUTO2007 [Doedel et al., 2007] . There are six types of bifurcations, which are listed in Table 1 . The solid and dashed curves represent the stable and unstable equilibrium points, respectively. From Fig. 2 , we can observe that the equilibrium point undergoes two bifurcations labeled as HB 1 and HB 2 . The equilibrium point is stable for k f < k 1 f = 6.05172 × 10 −4 . At k 1 f , a supercritical Hopf bifurcation HB 1 occurs, so that this equilibrium point loses its stability and a stable periodic orbit emerges from HB 1 . With a further increase in k f , the equilibrium point gains stability back through supercritical HB 2 at k 2 f = 1.54738 × 10 −3 until k f = 3.0 × 10 −2 .
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Figure 2 also shows the branch of the periodic solution generated from HB 2 . The filled and open circles indicate the stable and unstable periodic solutions, respectively. Table 2 shows the movement of Floquet multipliers along the branch of periodic orbit between k f = 7.13906 × 10 −4 and k f = 1.53081 × 10 −3 . A stable periodic solution emerges from HB 2 at k f = 1.54643 × 10 −3 due to supercritical Hopf bifurcation HB 2 , the corresponding four Floquet multipliers are {1, 0.914603, 0.613985, 0.0000219968}. As k f decreases, a pair of complex conjugate multipliers 0.526870 ± 0.836141i cross the unit circle from the inside to the outside unit circle, so that a torus bifurcation TR 3 occurs at k 3 f = 1.52493× 10 −3 , and the periodic solution loses its stability. At k f = 1.5248 × 10 −3 , i.e. at high flow rate, we find a chaotic orbit with Lyapunov exponents {0. 0028469, 0, −0.00068817, −3.3209} , which is shown in Fig. 3 . 
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Bifurcation Analysis of a Belousov-Zhabotinsky Reaction Model With a further decrease in k f , one of the multipliers passes across the unit circle at −1 for k 4 f = 1.49535×10 −3 , which results in the period-doubling bifurcation PDB 4 , and the unstable periodic solution has not regained its stability until PDB 5 at k 5 f = 1.30792 × 10 −3 . When k f is slightly greater than k 5 f , the periodic solution undergoes a cascade of period-doubling bifurcation. Figures 4(a)-4(e) show the stable period-one orbit for k f = 1.3075 × 10 −3 , period-two orbit for k f = 1.3085 × 10 −3 , period-four orbit for k f = 1.3086 × 10 −3 , periodeight orbit for k f = 1.30862 × 10 −3 and period-16 orbit for k f = 1.30864 × 10 −3 , respectively. A chaotic orbit resulted from this cascade is presented in Fig. 4(f) . Chaotic oscillation is observed in the region around k f ∈ [1.308640802 × 10 −3 , 1.52492 × 10 −3 ]. When k f continuously decreases from k 5 f = 1.30792 × 10 −3 and reaches k 6 f = 7.18684 × 10 −4 , a pair of complex conjugate multipliers 0.733855 ± 0.663588i pass across the unit circle from the inside to the outside unit circle, so that the periodic solution encounters the torus bifurcation TR 6 and loses its stability. Thus, a quasi-periodic orbit arises from this bifurcation. Figure 5 shows the projection of a quasi-periodic solution at k f = 7.156 × 10 −4 . When k f = 7.1 × 10 −4 , i.e. at low flow rate, we also find a chaotic attractor with Lyapunov exponents {0.004073, 0, −0.00064437, −2.2323}, which is presented in Fig. 6 . Numerical simulations in Figs. 1-6 suggest that the flow rate k f has important effects on bifurcations and dynamics of BZ reaction model. 
Conclusion
Bifurcations of the BZ reaction model have been carefully and rigorously studied. Fourth-order harmonic balance method allowed us to obtain higher accurate predictions on frequencies and amplitudes for periodic solutions emerging from Hopf bifurcation. The explicit approximation expressions of the periodic solutions are also presented. Numerical simulations show several dynamical bifurcations emerging from Hopf bifurcation, including perioddoubling bifurcation, chaotic attractor resulting from a cascade of period-doubling bifurcation, and torus bifurcation. We can observe chaotic orbits at both low and high flow rates, and the chaotic oscillations at high flow rate resulting from a cascade of periodic-doubling bifurcation. Thus, we conclude that the flow rate k f does play an important role in the bifurcations of the model. All the results enrich our understanding of complex oscillations in BZ reaction model.
